Abstract. We bound the symbol length of elements in the Brauer group of a field K containing a C m field (for example any field containing an algebraically closed field or a finite field), and solve the local exponent-index problem for a C m field F . In particular, for a C m field F , we show that every F central simple algebra of exponent p t is similar to the tensor product of at most len(p t , F ) ≤ t(p m−1 −1) symbol algebras of degree p t . We then use this bound on the symbol length to show that the index of such algebras is bounded by (p t )
Introduction
We are interested in the following two problems: The symbol length problem: Let F be a field and A a F central simple algebra of exponent n. Assuming F contains a primitive n-th root of one ρ n , the Merkurjev-Suslin theorem tells us that any such A is brauer equivalent to the tensor product of symbol algebras of degree n. The minimal number of symbol algebras needed is called the symbol length of A denoted len(n, A). The symbol length problem asks if there is a finite bound len(n, F ), such that for any A ∈ Br(F ) of exponent n one has len(n, A) ≤ len(n, F ). One can filter the n-th torsion of the brauer group by degree and define len(n, m, F ) or len(n, m) when it is independent of the field F , as the minimal number of symbols needed to express every A ∈ Br(F ) of exponent n and degree m. Notice that the existence of a generic division algebra of exponent n and degree m implies len(n, m) is always finite. Finding an explicit bound for len(n, m) is also referred to as the symbol length problem.
The exponent-index problem: It is well known that for any A ∈ Br(F ) the exponent of A divides the index of A and the two numbers have the same prime factors; in particular the exponent is bounded by the index. The exponent-index problem asks if one can bound the index in terms of the exponent. To be more precise, for a prime p define the Brauer dimension at p, denoted Br. dim p (F ), to be the smallest integer d such that for all n ∈ N and A ∈ Br p n (F ), ind(A) divides exp(A) d , and ∞ if no such number exists. Then define the Brauer dimension of F to be Br. dim(F ) = sup{Br. dim p (F )}. The global exponent-index problem asks if Br. dim(F ) is finite and the local exponent-index problem asks if Br. dim p (F ) is finite.
The answer to these problems is negative for arbitrary fields. To see this consider the field F = Q[ρ p ](x 1 , y 1 , ..., x i , y i , ...) and define A n = ⊗ n i=1 (x i , y i ) F,p . Then it is known that A n is a division algebra (see for example [12, Corollary 1.2] ), that is ind(A n ) = p n , and exp(A n ) = p. In particular len(p, A n ) = n and Br. dim p (F ) ≥ n for all n ∈ N, implying len(p, F ) = ∞ and Br. dim(F ) = Br. dim p (F ) = ∞.
It seems that a positive answer to these problems is strongly related to the arithmetic of the base field F . This is supported by the following results:
(1) For F a local or global field, Br. dim(F ) = 1 by the AlbertBrauer-Hasse-Noether theorem [2] and [8] . (2) For F a C 2 field, M. Artin conjectured [3] that Br. dim(F ) = 1.
He proved that Br. dim 2 (F ) = Br. dim 3 (F ) = 1 for such fields. (3) For F a finitely generated field of transcendence degree 2 over an algebraically closed field, Br. dim(F ) = 1 by [12] and [14, Theorem 4.2.2.3]. (4) For F finitely generated and of transcendence degree 1 over an -adic field, Br. dim p (F ) = 2 for every prime p = by [23] .
Motivated by M. Artin's results ( [3] ) we focus our attention on a class of fields called C m fields. A field F is called C m if it has the property that every homogeneous equation f (x 1 , ..., x n ) = 0, of degree d has a non-trivial solution when n > d m .
We solve both the symbol length and the local exponent-index problems for these fields by giving explicit bounds on len(n, F ) and Br. dim p (F ). In particular we prove the following theorems, Theorem 4.4 Let F be a C m field containing all n-th roots of unity and A ∈ Br n (F ) be of exponent n = p t . Then:
Let F be a field containing a C m field L and all p t -th roots of unity, and A be a F -csa of exponent p t and degree p s . Then the symbol length of A is bounded by len(
where n = p t , then α can be written as the sum of at most t(p m−1 −1) symbols.
The approach we take is to first bound the symbol length and then use this bound to get a bound for Br. dim p (F ). To bound the symbol length we start with A ∈ Br p n (F ), use the Merkurjev-Suslin theorem to assume it is a product of symbol algebras, and then show how to shorten the number of symbol algebras down to a fixed number. The key idea is to consider A k = ⊗ k i=1 (α i , β i ) for k ∈ N and produce "large" vector spaces V k ≤ A k called n-Kummer spaces with the property that for every v ∈ V k one has v n ∈ F . These spaces have "low" degree norm forms, N i :
Thus when k is big enough the C m property ensures the existence of a non trivial solution for N k (v) = 0 from which we deduce how to shorten the number of symbols.
The paper is organized as follows: We start with a background section where we give the main definitions needed for this work and some known results in the subject. In section 3 we use n-Kummer spaces and their norm forms to get bounds on the symbol length for arbitrary exponent n. In section 4 we use known results about primary decomposition in the Brauer group and a divisibility property of symbol algebras to improve the bounds obtained in section 3. In section 5 we generalize the discussion to fields containing a C m for some m. Section 6 is devoted to the exponent-index problem, where we use the results in section 4 to solve the local exponent-index problem. Section 7 is devoted to the characteristic p > 0 case. Finally in the section 8 we show that our results can be formulated in the context of the second Milnor K-group where the presence of roots of unity is not required.
2. Background 2.1. The Brauer group. Let F be a field. A F -central simple algebra, denoted F -csa, is an F -algebra, simple as a ring with center F . The Brauer group of F is defined as {isomorphism classes of finite dimensional F -csa}/ ∼ where for two F -csa A and B,
It is well-known that Br(F ) is a torsion group. We write exp(A) for the order of A in Br(F ) and Br n (F ) for the n-torsion subgroup of Br(F ). By the Wedderburn-Artin theorem every F -csa A is isomorphic to M n (D) for unique n ∈ N and F -central division algebra D called the underlying division algebra of A. One defines the degree and index of A as deg(A) = dim F (A) and ind(A) = deg(D) respectively. For a more detailed study of the Brauer group we refer the reader to [21] , [11] or [7] .
An important example of F -csa are symbol algebras which we now define. Let F be a field containing a primitive n-th root of 1 denoted ρ n and a, b ∈ F × . Define the symbol algebra
Then (a, b) n,F is a F -csa of degree n and exponent dividing n. A standard pair of generators for (a, b) n,F is a pair u, v ∈ (a, b) n,F satisfying u n ∈ F × , v n ∈ f × and uv = ρ n vu, and for any such pair one has (a, b) n,F ∼ = (v n , u n ) n,F . The most famous example is the well known quaternion algebra which has the presentation (−1, −1) 2,R . The presentation of a F -csa as a symbol algebra (or the tensor product of several symbol algebras) is not unique, and starting from a given presentation one can produce many others. The following proposition tells us that we may assume one of the slots represents a field, that is, 
We give some well known relations which will be used to prove the main theorems of this work. (1) For every
Proof.
(1)+(2) are standard relations which can be found in [21] , [11] or [7] . (3) Consider the commuting pairs (2) and (3) we have, 
One more important property of this variety is that its function field serves as a generic splitting field for A in the following sense:
The following are equivalent:
(1) K is a splitting field for A.
(2) There is a place ν :
For more on this important variety we refer the reader to [24] or [7] .
C m fields.
Even though the definition of a C m field seems quite restrictive there are many interesting fields which are C m . Here are some known examples:
If F is C m and F ⊂ K is of transcendence degree n over F , then K is C m+n , by [13] completed by [19] . (4) The above implies that if V is a variety of dimension n over an algebraically closed field F , then the function field, F (V ), is C n .
Known results. Results on symbol length:
(1) Every algebra of degree 2 is isomorphic to a quaternion algebra. That is, len(2, 2) = 1. (2) Every algebra of degree 3 is cyclic and thus, when ρ 3 ∈ F it is isomorphic to a symbol algebra. That is, len(3, 3) = 1 (Wedderburn [28] ). (3) Every algebra of degree 4 of exponent 2 over a field of characteristic different from 2 is isomorphic to a product of two quaternion algebras. That is, len(4, 2) = 2 (Albert [1] ). (4) Every algebra of degree 8 and exponent 2 is similar to the product of four quaternion algebras. That is, len(8, 2) = 4 (Tignol [27] ).
(5) Every algebra of degree 9 and exponent 9 over a field of characteristic different than 3 containing ρ 9 is similar to the product of 35840 symbol algebras of degree 9 and if it is of exponent 3 it is similar to the product of 277760 symbol algebras of degree 3. That is, len(9, 9) ≤ 35840 and len(9, 3) ≤ 277760 (Matzri [16] ). (6) Every algebra of prime degree p over a field of characteristic different from p containing ρ p is similar to the tensor product of
(RossetTate [20] , [7, 7.4 .11] and Rowen-Saltman [22] ). (7) Every p-algebra of index p n and exponent p m is similar to the product of p n − 1 cyclic algebras of degree p m . That is, len(p m , p n ) = p n − 1 (Florence [9] ). (8) If F is the function field of an l-adic curve containing a primitive p-th root of one and p is a prime different than l, then every degree p algebra is cyclic. That is, len(p, p, F ) = 1 (Saltman [23] ). (9) If F is a local or global field containing a primitive n-th root of 1, every algebra of exponent n is a symbol. That is len(n, F ) = 1 (Albert-Brauer-Hasse-Noether [2] and [8] ). (10) If F is a C 2 field containing a necessary primitive root of 1 then, len(2, F ) = len(3, F ) = 1 (Artin [3] ). (11) If F is the function field of an l-adic curve and (n, l) = 1, then every algebra of exponent n is the product of two cyclic algebras. Thus if F contains a primitive n-th root of 1, len(n, F ) = 2 (Brussel, Mckinnie and Tengan [5] ).
Results on the exponent-index problem:
(1) For F a local or global field, Br. dim(F ) = 1 (Albert-BrauerHasse-Noether [2] and [8] 3. Using n-Kummer spaces to bound the symbol length
As above, for a, b ∈ F × , we denote by (a, b) n the symbol algebra
An n-Kummer space V is endowed with the exponentiation map
which is a homogeneous form of degree n. n , y n ∈ F and yx = ρ n xy then, (x + y) n = x n + y n ∈ F . Indeed one can check that Tr((x + y) m ) = 0 for all 1 ≤ m ≤ n−1, (which is clear as Tr(x i y j ) = 0 for (i, j) = (0, 0) mod n) thus (x + y) n ∈ F . On the other hand when explicitly computing (x + y) n one gets x n + y n + M where M is a sum of monomials of the form f i,j x i y j for 1 ≤ i, j ≤ n − 1 which are linearly independent and not in F thus we conclude that f i,j = 0 for all 1 ≤ i, j ≤ n − 1 and (x + y) n = x n + y n ∈ F .
Examples
Consider A = (a, b) n with standard generators x, y.
(1) V 1 = F x and V 2 = F y are by definition one dimensional nKummer spaces with norms N 1 (f x) = f n a and N 2 (f y) = f n b respectively. (2) V = F x + F y is a two dimensional n-Kummer space with norm
Our objective is to find high dimensional n-Kummer spaces so that the C m -property will ensure a non-trivial solution to the norm form. However, Example (4) is maximal with respect to inclusion ( [6] ) and we actually conjecture that if A is a division algebra the maximal dimension of such a space is n + 1. Thus we consider tensor products of symbol algebras. Let A be the tensor product ⊗ t i=1 (a i , b i ) n , with the standard pairs of generators x i , y i for the symbol algebras. Let V 0 = F and for
where
Proposition 3.2. Let A and V 1 , ..., V t be as above. Then
(1) This is clear.
(
It turns out that standard n-Kummer spaces are connected to presentations of A as a tensor product of symbol algebras in the following way: Theorem 3.3. Let A and V 1 , ..., V t be as above.
(1) If v t ∈ V t is such that N Vt (v t ) = 0, then one can rewrite A as a product of t symbols with N Vt (v t ) as one of the slots.
] is a field for each i. If N Vt (v t ) = 0 for some nonzero v t ∈ V t , then A can be rewritten as a product of t − 1 symbols.
Proof.
(1) For t = 1 write v = cx 1 + ky 1 for c ∈ F and k ∈ F [x 1 ]. The elements u = x −1 1 ky 1 and v satisfy uv = ρvu, so
There are now two cases:
If N V t−1 (v t−1 ) = 0 then by induction we can write A as a product of t − 1 symbols of which the last is (N V t−1 (v t−1 ), d t−1 ) for some d t−1 ∈ F × . Now apply proposition 2.2(4) to the algebra
writing it as a tensor product of two symbols where one of the slots is
and we are done. (2) This is analogous to (1) , noting that in the last step where we apply proposition 2.2(4) to the algebra
we get that it is isomorphic to (N(v t−1 ), * ) n ⊗ (N(v t ), * ) n . (3) Let t be minimal with respect to the property that N has a nontrivial zero on V t . Reducing the length of the product of the first t symbols, we may assume that t = t. Let A be the product of the first t − 1 symbols, as before. Let 0 = v ∈ V t with N(v) = 0. Write v = v t−1 x t + ky t where v t−1 ∈ V t−1 and
is a field, and thus v = 0, contrary to assumption. So we may assume v t−1 = 0, and then N(v t−1 ) = 0, by minimality, so by part (1) of this proposition we may write this algebra as a product of t − 1 symbols where the final symbol is (N(v t−1 ), d t−1 ) for some
and (c, −c) n is split for every c ∈ F × .
Theorem 3.4. Let F be a field containing all n-th roots of unity, with the property that every homogeneous equation of degree n in f (n) variables has a non-trivial solution. Then every A ∈ Br(F ) of exponent n is similar to the product of at most s = f (n) n − 1 symbols of degree n.
Proof. We will show that every product of s + 1 symbols of degree n is similar to the product of s symbols of degree n and the theorem will follow after applying the Merkurjev-Suslin theorem. Let
First we use 2.1, so we assume F [x i ] is a field for all i. By 3.2(2) we have V s+1 ⊂ B, which is a linear space of dimension (s + 1)n + 1 and the norm form on it is homogeneous of degree n. But (s + 1)n + 1 ≥ f (n) + 1 > f (n) thus there exist a non zero v ∈ V s+1 such that N(v) = 0. Thus applying 3.3 we get that B is similar to the product of at most s = f (n) n − 1 symbols.
Theorem 3.5. Let F be a C m field containing all n-th roots of unity and A ∈ Br n (F ) be of exponent n. Then,
Proof. Any C m field satisfies the property that every homogeneous equation of degree n in more then n m variables has a solution. Thus by 3.4 every A of exponent n is similar to the product of at most len(n, F ) ≤ n m n − 1 = n m−1 − 1 symbols of degree n, proving the theorem.
Improving the result for non-prime exponent
It is a standard fact that we have a primary decomposition for the Brauer group, that is, if exp(A) = n = Proposition 4.1. Assume (n 1 , n 2 ) = 1 and set ρ n 1 = ρ n 2 n 1 n 2 and ρ n 2 = ρ
Proof. Let x i , y i be the standard generators for (a i , b i ) n i , i = 1, 2. Consider the elements u = x 1 x 2 , v = y k 1 y s 2 and compute: u n 1 n 2 = a n 2 1 a
Thus the proposition is proved. Thus it is better to consider the case where n = p t for a prime p. Next we are going to use the well known divisibility of symbol algebras to further improve the our result on symbol length. 
Theorem 4.4. Let F be a C m field containing all n-th roots of unity. If A ∈ Br n (F ) is of exponent n = p t , then:
Proof. For t = 1 this is theorem 3.5 with n = p. For t = s + 1: Let A be as above. Define B = A p and notice that B is of exponent p s . Thus by induction B ∼ ⊗ s i=1 C i where
Thus C 1 is of exponent p, and by 3.3
.., C s+1 are as in the theorem.
Fields containing a C m field
In this section we consider the more general case where the base field F contains a C m field. Notice that this class of fields includes fields such as C(x i , y i , i ∈ Z), where there in no hope of finding bounds which are a function of the exponent alone as was explained in the background section.
Thus consider a central simple algebra A, of exponent p t and degree p s over a field F containing a C m field L. The main idea is that even though F might not be finitely generated over L, A is defined over a "smaller" field K, which is finitely generated over L. This is expressed by considering the essential dimension of A over L, denoted ed L (A).
It is known that ed L (A) is finite and bounded by functions of the degree of A. For known bounds and more on the subject we refer the reader to [15] and [17] . Consider A as above. Then there exists a field L ⊆ K ⊆ F with trdeg F (K) = ed L (A) and an K-csa A such that A ⊗ K F = A. Thus if we write A as a sum of symbols (which we can since K is a C m+ed L (A) field) we can tensor up to F and write A as a product of symbols.
The only problem is that the exponent of A can be bigger than that of A, and the resulting presentation of A will use symbols of higher degrees than needed.
In order to deal with that we need to consider a specialized essential dimension, that is 
The Brauer dimension of a C m field
For F a C m field and A ∈ Br(F ) of exponent p n , we will show that ind(A) ≤ exp(A)
We first reduce to the exponent p case and deduce the theorem from our previous results on symbol length. 
Thus ind(A) ≤ p (n+1)s as needed.
Proposition 6.2. Let F be a C m field and L be any algebraic extension of
Proof. Since L is algebraic over F and F is C m so is L. Now the proposition follows from Theorem 3.5.
Combining 6.1 and 6.2 we get:
The case of p-Algebras
In this section we deal with the case where F has characteristic p and A ∈ Br p e (F ). It turns out that things are much simpler in this case, both for general fields as shown by Florence in [9] and for C m fields where things basically follow from an exercise in Serre, [25] .
7.1. General fields of characteristic p. In [9] Florence proves the following theorem: Theorem 7.1. If F is a field with char(F ) = p and A is an F -csa of index p n and exponent p e , then A is similar to the product of at most p n − 1 cyclic algebras.
Here is a short proof along the lines of [9] . The idea is based on the following two well known theorems.
(1) Let A be a p-algebra of exponent p n , then 
, and in particular the symbol length of A is at most t (Albert, [1] theorem 28, page 108).
The idea is then to start with the splitting field F 1 p e which (in general) is infinite dimensional over F , and to find a finite dimensional subfield splitting A. Then one uses Albert's theorem to present A as the product of cyclic p-algebras.
Proof. of Theorem 7.1. Let SB(A) denote the Severi-Brauer variety of A and F SB(A)) its function field. Since F 1 p e splits A there is a place ν : 
the same process will work (but will be much longer) for any prime power n. The following relations are well known over any field F .
× , then {a, b} = {a + b, −a −1 b}. (7) {a, b} + {c, d} = {a, bd −1 } + {ac, d}.
(1) This is one of the defining relations of K Thus by (2) and (4) 
= {a, b}.
Compute {a, bd −1 } + {ac, d} = {a, b} + {a, d −1 } + {a, d} + {c, d} = {a, b} + {c, d}. We are ready for the example. Let F be a C 2 field and let
We will show that α can be rewritten as a single symbol as stated in the theorem. Recall the norm forms from section 2 attached to α, namely: Letting x i , y i be the standard generators for the two quaternions, (
and their norm forms
We may assume 
= 0 and α is one symbol. Thus we assume N 1 (v 1 ) = 0. From the above we write
